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We know five different families of algebraic limit cycles in quadratic systems,
one of degree 2 and four of degree 4. Moreover, if there are other families of
algebraic limit cycles for quadratic systems, then their degrees must be larger than
4. It is known that if a quadratic system has an algebraic limit cycle of degree 2,
then this is the unique limit cycle of the system. The first main goal of this paper is
to prove that if a quadratic system has an algebraic limit cycle of degree 4, then
this is the unique limit cycle of the system. For the Yablonskii and Filiptsov
algebraic limit cycles the problem of proving their uniqueness has been open
since 1966 and 1973, respectively. The second main goal is to provide sufficient
conditions in order that all the limit cycles of a quadratic system to be algebraic.
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1. INTRODUCTION AND STATEMENT
OF THE MAIN RESULT
We consider the polynomial differential systems in R2 defined by
x p x , y ,Ž .˙
1Ž .
y q x , y ,Ž .˙
Ž . Ž .where p x, y and q x, y are coprime polynomials of degree 2. In this
paper such systems are called simply quadratic systems.
 As usual R x, y denotes the ring of polynomials in the variables x and
 y with real coefficients. Let f R x, y of degree  1. The algebraic
Ž . Ž .curve f x, y  0 is an inariant algebraic cure of system 1 if for some
 polynomial k R x, y we have
 f  f
f˙ p	 q kf . 2Ž .
 x  y
The polynomial k is called the cofactor of the invariant algebraic curve
Ž .f 0. We note that since system 1 has degree 2, then any cofactor has at
most degree 1.
Ž .From 2 it follows that on the points of the algebraic curve f 0 its
Ž . Ž .gradient  f x,  f y is orthogonal to the vector field X p, q
Ž .associated to system 1 . Therefore on the points of f 0 the vector field
X is tangent to the curve f 0. Hence, the curve f 0 is formed by
Ž .trajectories of system 1 . This justifies the name of invariant algebraic
Ž .curve given to the algebraic curve f 0 satisfying 2 for some polyno-
mial k.
Ž .We recall that a limit cycle of system 1 is an isolated periodic orbit in
the set of all periodic orbits of the system. An algebraic limit cycle of
Ž .degree n is an oval of an irreducible invariant algebraic curve f x, y  0
of degree n which is a limit cycle of the system. Perhaps the curve
Ž .f x, y  0 contains more than one algebraic limit cycle.
  Ž  .In 1958 Qin Yuan-Xun 12 see also 15 proved that quadratic systems
can have algebraic limit cycles of degree 2; moreover when such a limit
cycle exists then it is the unique limit cycle of the system. Evdokimenco in
 68 proved that quadratic systems do not have algebraic limit cycles of
Ž  .degree 3 for two different shorter proofs see 2, 4 . The first class of
  Žalgebraic limit cycles of degree 4 was given in 1966 by Yablonskii 14 see
 .  also 13 . The second class was found in 1973 by Filiptsov 9 . Recently,
   Chavarriga 1 and Chavarriga et al. 4 found two new classes, and in the
last paper the authors proved that there are no other algebraic limit cycles
of degree 4 for quadratic systems. We summarize all these results in the
following theorem.
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THEOREM 1. The following statements hold.
Ž .a After an affine change of ariables and a rescaling of the time
ariable the only quadratic systems haing an algebraic limit cycle of degree 2
are
x
y ax	 by	 c 
 x 2	 y2
 1 ,Ž . Ž .˙
3Ž .
y x ax	 by	 c ,Ž .˙
2 Ž . 2 2 2with c 	 4 b	 1  0 and a 	 b  c . This system possesses the irre-
ducible inariant algebraic cure
x 2	 y2
 1 0,
Ž .of degree 2. This algebraic limit cycle is the unique limit cycle of system 3 .
Ž .b There are no quadratic systems haing algebraic limit cycles of de-
gree 3.
Ž .c After an affine change of ariables the only quadratic systems
haing an algebraic limit cycle of degree 4 are
Ž .c.1 Yablonskii’s system
x
4abcx
 a	 b y	 3 a	 b cx 2	 4 xy ,Ž . Ž .˙
22 2y a	 b abx
 4abcy	 4abc 
 3 a	 b 2	 4ab xŽ . Ž .˙ Ž . 4Ž .
	 8 a	 b cxy	 8 y2 ,Ž .
2Ž .2 Ž .Ž .with abc 0, a b, ab 0, and 4c a
 b 	 3a
 b a
 3b  0.
This system possesses the irreducible inariant algebraic cure
22 2y	 cx 	 x x
 a x
 b  0,Ž . Ž .Ž .
Ž .of degree 4 haing two components, an oal the algebraic limit cycle and an
Ž .isolated point a singular point ; see Fig. 1a.
Ž .c.2 Filiptso ’s system
x 6 1	 a x	 2 y
 6 2	 a x 2	 12 xy ,Ž . Ž .˙
5Ž .
y 15 1	 a y	 3a 1	 a x 2
 2 9	 5a xy	 16 y2 ,Ž . Ž . Ž .˙
with 0 a 313. This system possesses the irreducible inariant algebraic
cure
22 23 1	 a ax 	 y 	 2 y 2 y
 3 1	 a x  0,Ž . Ž .Ž .Ž .
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of degree 4 haing two components; one is an oal and the other is
homeomorphic to a straight line. This last component contains three singular
points of the system; see Fig. 1b.
Ž .c.3 The system
x 5x	 6 x 2	 4 1	 a xy	 ay2 ,Ž .˙
6Ž .
y x	 2 y	 4 xy	 2	 3a y2 ,Ž .˙
'Ž .with 
71	 17 17 32 a 0 possesses the irreducible inariant alge-
braic cure
x 2	 x 3	 x 2 y	 2 axy2	 2 axy3	 a2 y4 0,
of degree 4 haing three components; one is an oal and each of the other two
is homeomorphic to a straight line. Each one of these last two components
contains one singular point of the system; see Fig. 1c.
FIG. 1. Algebraic limit cycles of degree 4.
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Ž .c.4 The system
x 2 1	 2 x
 2 ax2	 6 xy ,Ž .˙
7Ž .
y 8
 3a
 14ax
 2 axy
 8 y2 ,˙
with 0 a 14 possesses the irreducible inariant algebraic cure
1
2 3 2 2	 x
 x 	 ax 	 xy	 x y  0,
4
of degree 4 haing three components; one is an oal and each of the other two
is homeomorphic to a straight line. Each one of these last two components
contains one singular point of the system; see Fig. 1d.
We note that the algebraic limit cycle of Filiptsov’s system is born in a
Ž .Hopf bifurcation at the singular point 4, 4813 when a 313. Then,
when a decreases, the algebraic limit cycle increases its size and ends
2Ž .having infinite size at the curve y 3
 6 x	 4 y  0 when a 0.
Ž .We note that the algebraic limit cycle of system c.3 is born in a Hopf
' 'ŽŽ . Ž . .bifurcation at the singular point 9
 17 8,
 5	 3 17 8 when
'Ž .a 
71	 17 17 32. Then, when a increases the algebraic limit cycle
2Ž .increases its size and ends having infinite size at the curve x 1	 x	 y
 0 when a 0.
Ž .We note that the algebraic limit cycle of system c.4 is born in a Hopf
Ž .bifurcation at the singular point 2,
14 when a 14. Then, when a
decreases the algebraic limit cycle increases its size and ends having
infinite size at the irreducible curve 14	 x
 x 2	 xy	 x 2 y2 0 when
a 0.
One of the main goals of this paper is to prove that when a quadratic
system has an algebraic limit cycle of degree 4 this is the unique limit cycle
of the system. The uniqueness of limit cycles for planar differential systems
is a classical problem which, in general, does not have an easy solution; for
 more details see the books of Ye Yanqian 15 and Zhang Zhifen et al.
 16 .
Our main results are stated in the following two theorems.
As usual CP 2 denotes the complex projective space of dimension 2. In
Section 2 we present the complex projectivization of a real polynomial
vector field. This projectivization will be used in the statement and the
proof of the following theorem where we provide sufficient conditions in
order that all the limit cycles of a quadratic system to be algebraic.
Ž .THEOREM 2. Let f x, y  0 be a real inariant algebraic cure of degree
Ž . Ž . Ž .larger than 1 for the real quadratic system 1 with p x, y and q x, y
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Ž .coprimes. Let k x, y be the cofactor of f. We define
X Y X Y
2 2P X , Y , Z  Z p , , Q X , Y , Z  Z q , ,Ž . Ž .ž / ž /Z Z Z Z
X Y
K X , Y , Z  Zk , .Ž . ž /Z Z
2 Ž .Suppose that there are two points A and A in C P such that P A 1 2 i
Ž . Ž .Q A  0 and K A  0 for i 1, 2. Then all the limit cycles of the systemi i
are contained in f 0, so in particular they are algebraic.
The proof of Theorem 2 is given in Section 3.
The result that if a quadratic system has one of the known algebraic
limit cycles then this is the unique limit cycle of the system is stated in the
next theorem.
Ž . Ž . Ž . Ž . Ž .THEOREM 3. Quadratic systems 3 , 4 , 5 , 6 , and 7 hae a unique
limit cycle, the algebraic one.
Of course the uniqueness for the algebraic limit cycle of degree 2 is well
known. In the proof of Theorem 3 we present a new and shorter proof.
We remark that the uniqueness for the algebraic limit cycles of systems
Ž . Ž . Ž .3 , 6 , and 7 will be proved using Theorem 2. The proof of Theorem 3 is
given in Section 4.
With respect to the existence of algebraic limit cycles for quadratic
systems the following question remains open.
OPEN QUESTION. Are there algebraic limit cycles of degree  4 for
quadratic systems?
2. PROJECTIVIZATION OF POLYNOMIAL
VECTOR FIELDS IN C P 2
  Ž  .Following Darboux 5 see also 3 we will work in the complex
projective plane C P 2. Let P, Q, and R be homogeneous polynomials of
degree m	 1 in the complex variables X, Y, and Z. We say that the
homogeneous 1-form
 PdX	QdY	 RdZ
of degree m	 1 is projectie if XP	 YQ	 ZR 0. That is, if there exist
three homogeneous polynomials L, M, and N of degree m such that
P ZM
 YN , Q XN
 ZL, R YL
 XM ,
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or equivalently
P , Q, R  L, M , N  X , Y , Z ,Ž . Ž . Ž .
then we can write
 L YdZ
 ZdY 	M ZdX
 XdZ 	N XdY
 YdX . 8Ž . Ž . Ž . Ž .
Ž .The triple L, M, N can be thought of as a homogeneous polynomial
ector field in C P 2 of degree m, more specifically
  
X L 	M 	N , 9Ž .
X  Y Z
where X, Y, and Z denote the homogeneous coordinates of C P 2.
Usually in the literature a projective 1-form  is called a Pfaff algebraic
2  form of degree m	 1 of C P ; see for more details Jouanolou 11 .
  2Let F C X, Y, Z be a homogeneous polynomial. Then F 0 in C P
Ž .is an inariant algebraic cure of the vector field 9 if X F KF for some
 homogeneous polynomial K C X, Y, Z of degree m
 1, called the
cofactor of F.
Ž .The singular points of a projective 1-form 8 of degree m	 1 or of its
Ž .associated homogeneous polynomial vector field 9 of degree m are those
points where the tangent is not defined, that is, the points satisfying the
following system of equations
ZM
 YN 0, XN
 ZL 0, YL
 XM 0. 10Ž .
Ž . 2Now we assume that the polynomial differential system 1 of R has
Ž .degree m. Then system 1 is equivalent to the differential system
dy q x , yŽ .
 ,
dx p x , yŽ .
or to the 1-form
p x , y dy
 q x , y dx 0,Ž . Ž .
which can be extended to C P 2 as the projective 1-form
X Y ZdY
 YdZ X Y ZdX
 XdZ
m	2Z p , 
 q ,  02 2ž / ž /Z Z Z ZZ Z
of degree m	 1, where we have substituted x and y by XZ and YZ,
respectively.
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Ž . m Ž . Ž . m Ž .Let P X, Y, Z  Z p XZ, YZ and Q X, Y, Z  Z q XZ, YZ .
Then the last projective 1-form becomes
P X , Y , Z YdZ
 ZdY 	Q X , Y , Z ZdX
 XdZ  0.Ž . Ž . Ž . Ž .
Ž . 2In short, the polynomial differential system 1 of R is extended to the
following homogeneous polynomial vector field of C P 2
 
X P 	Q , 11Ž .
X  Y
of degree m. This vector field is called the complex projectiization of
Ž .system 1 .
We remark that the complex projectivized vector field has the third
component N identically zero, and consequently the infinite straight line
Z 0 is a solution of the projectivized vector field.
Ž .From 10 we note that the singular points of the complex projectiviza-
Ž .tion of system 1 must satisfy the system
ZQ X , Y , Z  0, ZP X , Y , Z  0,Ž . Ž .
12Ž .
YP X , Y , Z 
 XQ X , Y , Z  0.Ž . Ž .
Ž .It is easy to verify that if f x, y  0 is an invariant algebraic curve of
Ž . Ž . Ž .system 1 of degree n with cofactor k x, y , then F X, Y, Z 
n Ž . Ž .Z f XZ, YZ  0 is an invariant algebraic curve of 11 with cofactor
Ž . m
1 Ž .K X, Y, Z  Z k XZ, YZ .
3. PROOF OF THEOREM 2
This section is dedicated to proving Theorem 2. Therefore we assume
the hypotheses of Theorem 2.
Ž .First we assume that the cofactor k of f x, y  0 has degree 0; i.e., k is
Ž .a real number. If k 0, then f is a polynomial first integral of system 1 ,
and consequently the system has no limit cycles. Therefore, we suppose
Ž .that k 0. Let  be a limit cycle of system 1 . Since f 0 is an invariant
 4  4algebraic curve, either  f 0 , or  f 0 . If we assume that
 4 f 0 , then we have the contradiction
f˙
0  k 0.H Hf 
 4Therefore,  f 0 , and Theorem 2 follows when k has degree 0.
Consequently, in the rest of the proof of Theorem 2, we suppose that k
has degree 1.
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Ž . Ž . Ž .By assumptions, P A Q A  0 and K A  0 for i 1, 2. Wei i i
Ž .note that, from 12 , A and A are singular points of the complex1 2
Ž .projectivization of system 1 .
We claim that there exist a and a in R such that a2	 a2 0 and the1 2 1 2
polynomial K divides the polynomial a P	 a Q. Now we shall prove the1 2
claim.
Let A be a point with real components, different from A and A , and3 1 2
Ž .such that K A  0. Such a point exists because K is a real homoge-3
Ž . Ž .neous polynomial of degree 1. First, we assume that P A Q A  0.3 3
Then the systems P 0 and K 0, and Q 0 and K 0, would have
three different solutions, the points A for i 1, 2, 3. Since the degrees ofi
the homogeneous polynomials P, Q, and K are 2, 2, and 1, respectively,
Ž  .from the Bezout Theorem see for instance 10 it follows that K divides
P and Q. Taking X x, Y y, and Z 1 we obtain that the polynomial
k of degree 1 divides p and q, in contradiction with the assumption that p
2Ž . 2Ž .and q are coprime. Hence, we have that P A 	Q A  0. Conse-3 3
quently we can choose two real numbers a and a such that a2	 a2 01 2 1 2
Ž . Ž .and a P A 	 a Q A  0. Therefore, the system a P	 a Q 0 and1 3 2 3 1 2
K 0 has three different solutions, the points A for i 1, 2, 3. Since thei
degree of the homogeneous polynomials a P	 a Q and K are 2 and 1,1 2
respectively, again from the Bezout Theorem it follows that K divides
a P	 a Q. Hence the claim is proved.1 2
From the claim and taking X x, Y y, and Z 1 we obtain that k
Ž .divides a p	 a q. Let u x, y be the polynomial of degree 1 such that1 2
a p	 a q ku. 13Ž .1 2
First we suppose that u has degree 0; i.e., u is a real constant. Then we
consider the function g a x	 a y. Clearly1 2
g a x	 a y a p	 a q ku.˙ ˙ ˙1 2 1 2
˙Therefore, since f kf , it follows that
˙g f˙
 .
u f
Ž .Integrating this equality it follows that H f exp 
gu is a first integral
2 Ž .defined on the whole R . Hence, system 1 has no limit cycles. In short, in
the rest of the proof of Theorem 2 we can assume that u has degree 1.
We consider the three polynomials u, a x	 a y, and 1 of degrees 1, 1,1 2
or 0, respectively. First, we suppose that these three polynomials are
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Ž .linearly dependent. Then, we can write u c a x	 a y 	 c with c 1 1 2 2 1
0. So we have that
u c a x	 a y  c a p	 a q  c ku,Ž .˙ ˙ ˙Ž .1 1 2 1 1 2 1
Ž . Ž .where we have used 13 . Consequently, from 2 , it follows that u 0 is
˙Ž .an invariant straight line of system 1 . Again, since f kf , it follows that
˙u f˙
 .
c u f1
Integrating this equality it follows that H f c1u is a first integral defined
on the whole R2 except on the straight line u 0. We remark that since f
has at least degree 2, f is different from u, and consequently H never can
be equal to a constant. Since u 0 is an invariant straight line, the
existence of this first integral implies that there are no limit cycles. So, in
the rest of the proof of Theorem 2 we can assume that the polynomials
u, a x	 a y, and 1 are linearly independent. Hence, the polynomial k of1 2
degree 1 can be written either as
k d a x	 a y 	 d , 14Ž . Ž .1 1 2 2
or as
dk u	  a x	 a y 	 d , 15Ž . Ž .1 2 3
where d  0, d , d 0, , and d are real numbers.1 2 3
Ž .Now we suppose that 14 holds. Then we have
k˙ d a x	 a y  d a p	 a q  d ku.Ž .˙ ˙Ž .1 1 2 1 1 2 1
Ž .Therefore, k 0 is an invariant straight line of system 1 . Let  be a limit
Ž .cycle of system 1 . Since f 0 is an invariant algebraic curve, either
 4  4  4 f 0 , or  f 0 . We assume that  f 0 .
 4Therefore, since  k 0  and due to the fact that k 0 is an
invariant straight line, we have the contradiction
˙0 f kf 0.H H
 
 4 Ž .Hence,  f 0 , and Theorem 2 follows when 14 holds.
Ž .We assume that 15 holds. If we define
H a x	 a y	 a f ,Ž .1 2 3
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where a is a real number, then we have3
˙  
1 ˙H a x	 a y f 	  a x	 a y	 a f fŽ .˙ ˙Ž .1 2 1 2 3
 a p	 a q f 	  a x	 a y	 a kf Ž . Ž .1 2 1 2 3
 u	  a x	 a y	 a kf , 16Ž . Ž .1 2 3
where we have used that f 0 is an invariant algebraic curve with
Ž .cofactor k and 13 .
Ž . Ž .We suppose that  0. Then, taking d  a , from 15 and 16 it3 3
follows that
˙ 2 H dk f . 17Ž .
Ž .Let  be a limit cycle of system 1 . Since f 0 is an invariant algebraic
 4  4 curve, either  f 0 , or  f 0 . We assume that  f
4 Ž .0 . Then, using 17 we obtain that
˙ 2 0 H dk f  0.H H
 
 4Therefore,  f 0 , and Theorem 2 follows when  0.
Ž .Finally we assume that  0. Then equality 16 becomes
˙ 2H uk dk 
 d k ,3
˙Ž .where we have used equality 15 . Therefore, since f kf , if  is a limit
 4cycle such that  f 0 , we have that
f˙
2˙0 H	 d  dk  0,H H3ž /f 
 4a contradiction. Hence,  f 0 , and the proof of Theorem 2 is
completed.
4. PROOF OF THEOREM 3
In this section we prove Theorem 3. That is, we show that each
Ž . Ž . Ž . Ž . Ž .quadratic system 3 , 4 , 5 , 6 , and 7 has a unique limit cycle, the
algebraic one.
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Ž .We consider the quadratic system 3 which has the algebraic limit cycle
f x 2	 y2
 1 0 with cofactor k
2 x. Clearly the two components
Ž .p and q of the vector field associated to system 3 are coprime. Using the
2 Ž . Ž .inequality c 	 4 b	 1  0 it follows that the points A  0,  , 1 and1 	
Ž .A  0,  , 1 with2 

2'
c c 	 4 b	 1Ž .
  C, 2 b	 1Ž .
Ž . Ž . Ž .satisfy P A Q A  0 and K A  0 for i 1, 2. Therefore, systemi i i
Ž .3 satisfies all assumptions of Theorem 2; consequently it has a unique
limit cycle, namely f 0.
Ž .Now we deal with the quadratic system 6 which has the algebraic limit
cycle f x 2	 x 3	 x 2 y	 2 axy2	 2 axy3	 a2 y4 0 with cofactor k
Ž Ž . .2 5	 9 x	 5	 6a y . It is easy to check that the two components p and
Ž .q of the vector field associated to system 6 are coprime. Using the
'Ž .inequality 
71	 17 17 32 a 0 it follows that the real points
2 2'
 5	 34a	 12 a 	 5	 6a 1	 16a	 4aŽ . Ž .
A  ,1 ž 6 3a
 2Ž .
2'7	 6a
 3 1	 16a	 4a
, 1 ,/2 3a
 2Ž .
2 2'
 5	 34a	 12 a 
 5	 6a 1	 16a	 4aŽ . Ž .
A  ,2 ž 6 3a
 2Ž .
2'7	 6a	 3 1	 16a	 4a
, 1 ,/2 3a
 2Ž .
Ž . Ž . Ž .satisfy P A Q A  0 and K A  0 for i 1, 2. Therefore, systemi i i
Ž .6 satisfies all assumptions of Theorem 2; consequently the system has all
its limit cycles contained into f 0. Hence, since we know that f 0
contains a unique oval which is an algebraic limit cycle of the system,
Ž .Theorem 3 follows for system 6 .
Ž .We consider the quadratic system 7 which has the algebraic limit cycle
1 2 3 2 2 Ž .f 	 x
 x 	 ax 	 xy	 x y  0 with cofactor k 4 2
 3ax	 2 y .4
It is easy to check that the two components p and q of the vector field
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Ž .associated to system 7 are coprime. Using the inequality 0 a 14 it
follows that the real points
' '2	 4
 7a 
8	 3 4
 7a
A  , , 1 ,1 ž /7a 14
' '2
 4
 7a 
8
 3 4
 7a
A  , , 1 ,2 ž /7a 14
Ž . Ž . Ž .satisfy P A Q A  0 and K A  0 for i 1, 2. Therefore, systemi i i
Ž .7 satisfies all assumptions of Theorem 2. Now using the same arguments
Ž . Ž .as in the proof of the uniqueness for system 6 , it follows that system 7
has a unique limit cycle which is algebraic and contained in f 0.
Ž . Ž . 2Since for systems 4 and 5 there are no two points A and A in C P1 2
satisfying the assumptions of Theorem 2, this theorem cannot be used for
proving the uniqueness of the algebraic limit cycles of Yablonskii’s and
Filiptsov’s systems.
Ž .Now we prove Theorem 3 for system 4 ; i.e., we show that Yablonskii’s
Ž 2 .2 2Ž .Ž .algebraic limit cycle f y	 cx 	 x x
 a x
 b  0 is the unique
Ž .limit cycle of system 4 . We take the function
222c a
 3b 3a
 b y	 cx 
 ab a	 b
 4 xŽ . Ž . Ž .Ž .
H .
 ' f
Then
22 2c 2 ab a	 b 
 3a 
 2 ab	 3b xŽ . Ž .Ž .
H˙ sign f . 18Ž . Ž .
 ' f
Ž .Let  be a limit cycle of system 4 . Since f 0 is an invariant algebraic
 4  4 curve, either  f 0 , or  f 0 . We assume that  f
4 Ž .0 . Then, from 18 , we obtain
22 2c 2 ab a	 b 
 3a 
 2 ab	 3b xŽ . Ž .Ž .˙ 0 H sign f  0,Ž .H  H
 ' f 
 4a contradiction. So the limit cycle  f 0 . Since f 0 is formed by an
oval and a point, Theorem 3 is proved for Yablonskii’s system.
Ž .Finally we prove Theorem 3 for system 5 ; i.e., we show that Filiptsov’s
Ž .Ž 2 .2 2Ž Ž . .algebraic limit cycle f 3 1	 a ax 	 y 	 2 y 2 y	 3 1	 a x  0 is
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Ž .the unique limit cycle of system 4 . We take the function
2 y	 3	 5a x 2Ž .
H .
 ' f
Then
24 y
 3 1	 a xŽ .Ž .
H˙ sign f . 19Ž . Ž .
 ' f
Ž .Let  be a limit cycle of system 5 . Since f 0 is an invariant algebraic
 4  4 curve, either  f 0 , or  f 0 . We suppose that  f
4 Ž .0 . Then, from 19 , we obtain
24 y
 3 1	 a xŽ .Ž .˙ 0 H sign f  0,Ž .H  H
 ' f 
 4a contradiction. So the limit cycle  f 0 . Since f 0 is formed by
two components, an oval and a component homeomorphic to a straight
line, Theorem 3 is proved for Filiptsov’s system.
Ž . Ž . Ž . Ž .In short, we have proved Theorem 3 for the systems 3 , 4 , 5 , 6 ,
Ž .and 7 .
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